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In this work, we are concerned with the monotonicity and the stability study for
quasi-monotone reaction-diffusion systems with delay and subject to Dirichlet
boundary conditions. We first establish some invariance and comparison results for
abstract retarded functional differential equations with nondense domain opera-
tors. This allows us to show the monotonicity of the semiflow in a suitable phase
space. We also discuss a stability criterion independently of delay.  2001 Aca-
demic Press
1. INTRODUCTION
Consider the reaction-diffusion system with delay,
u
1.a Du f x , u x , x , t 0,Ž . Ž .Ž .t t
1.b Bu 0, x  , t 0,Ž . 1.1Ž .
1.c u x   x ,  , x ,Ž . Ž . Ž .0
where  is a bounded region in N with smooth boundary .  is the
Ž .laplacian operator on , D diag d , d , . . . , d with d  0 for i1 2 m i
Ž . Ž 1Ž . 2Ž . mŽ ..1, 2, . . . , m and for all x, u x  u x , u x , . . . , u x denotest t t t
  Ž . mthe continuous function defined from r, 0 r 0 into  as
u x   u x , t  ; r	 	 0.Ž . Ž . Ž .t
m m mŽ  .  The functions f :  C r, 0 ;  and  :  r, 0 
are assumed to be continuous.
458
0022-247X01 $35.00
Copyright  2001 by Academic Press
All rights of reproduction in any form reserved.
MONOTONICITY AND STABILITY 459
Ž .The boundary condition 1.b is either of Neumann type,
 u
Bu  x u x , t  x , t , 1.2Ž . Ž . Ž . Ž .
 n
or of Dirichlet type,
Bu u x , t . 1.3Ž . Ž .
mŽ . Ž  . ŽLet X C ; and C C r, 0 ; X which we identify to C 
  m. Ž .r, 0 ; . Then, system 1.1 can be reformulated as
u t  Au t  Fu , t 0,Ž . Ž . t 1.4Ž .
u   ,0
where F: C X is given by
F 	 x  f x ,	 x , . , x , 1.5Ž . Ž . Ž . Ž .Ž .
and
AD . 1.6Ž .
Ž .The domain D A of A is defined according to the boundary condition
Ž .1.b .
Ž . Ž .Assume that the boundary condition 1.b is given by 1.2 and let A bei
the operator defined by
ui2D A  u  C  ; ,  u   0 on  ,Ž . Ž .i i i i½ 5 n
A u  d u .i i i i
Ž .It is well known that the closure of A in C ; generates a compacti
Ž Ž .. Ž .manalytic semigroup T t . Hence, A A is the infinitesimal gen-i t
 0 i 1
Ž Ž .. Ž .erator of the strongly continuous semigroup T t defined by T t t
 0
Ž Ž ..m Ž .T t . Therefore, Eq. 1.4 can be solved by using the classical semi-i 1
groups theory. More precisely, the abstract integral equation,
t
u t  T t  0  T t s Fu ds, t
 0,Ž . Ž . Ž . Ž .H s
0 1.7Ž .
u   C0
Ž  has a unique solution whenever F is lipschitz continuous. See 22 , for
.example. The case where F is locally lipschitz continuous is studied in
 15 . The authors showed the local existence and invariance of solutions
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under a crucial subtangential condition. This allowed them to establish
Ž . Ž .some comparison results. By applying these results to system 1.1  1.2
when f is quasi-monotone, the authors showed the monotonicity of the
mŽ   .semiflow in the phase space C  r, 0 ; .
 We also point out that in 16 , the authors showed that for such a
quasi-monotone reaction diffusion system, stability of steady-state solu-
tions can be treated independently of delays.
The main difficulty that presents Dirichlet boundary conditions in the
Ž .  4study of system 1.1 is that, for each i 1, . . . , m , the operator Ai
defined by
D A  u  C  ; , u  0 on  , u  C  ; ,Ž . Ž . Ž . 4i i i i 1.8Ž .
A u  d ui i i i
Ž .is not densely defined in C ; . Indeed,
D A  C  ;  u C  ; , u 0 on  . 1.9Ž . Ž . Ž . Ž . 40i
Therefore, the operator A defined on X by
m mD A  u u  C  ; , u D A ,Ž . Ž . Ž . Ž . 4i i i1 1.10Ž .
AuDu
is nondensely defined:
m mD A  C  ;  u C  ; , u 0 on   X . 1.11Ž . Ž . Ž . Ž . 40
But A satisfies the following HilleYosida condition,
i 0,
   A ,Ž . Ž . Ž .
1.12Ž .1
ii R , A 	 for  0,Ž . Ž .

Ž . Ž . Ž .1here  A denotes the resolvent set of A and R , A   A .
Ž .Note that the closure of the operator A given by 1.8 generates ai
Ž Ž ..compact analytic semigroup T t in D A . Hence, the classicalŽ .i t
 0 i
mŽ . Ž .approach to study 1.4 consists of replacing the space C ; with the
mŽ .subspace C ; and replacing the operator A with its part A in0 0
mŽ .C ; given by0
mD A  uD A , Au C  ; ,Ž . Ž . Ž . 400 1.13Ž .
A u Au.0
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mŽ .Since A generates a strongly continuous semigroup on C ; , local0 0
 existence and invariance results due to 15 still work if the operator F is
mŽ .forced to take values in C ; .0
To overcome this restrictive condition on F, it is interesting to note that
Ž .Eq. 1.4 can be regarded as a special case of abstract retarded functional
differential equations with nondense domain operators. Hence, the
Ž . Ž .HilleYosida condition 1.12 guarantees the well posedness of 1.4 when-
ever F: C X is locally lipschitz continuous and  belongs to a suitable
phase space.
mŽ  Ž . .When F is only defined on a subset of C r, 0 ; C ; , one can0
 use results in 20 to study the local existence and the invariance of closed
convex subsets of D A . However, if F is defined in the whole C, weŽ .
 apply results in 1 to obtain the local existence in the more general space:
mC   C ,  0  C  ; .Ž . Ž . 400
Hence, it is of interest to know under which assumptions on f , system
Ž . Ž .1.1  1.3 generates a monotone semiflow on C and how delay can be0
ignored in the stability study.
The organization of this work is as follows: In Section 2, we summarize
some fundamental existence, stability, and positivity results for abstract
retarded functional differential equations with nondense domain opera-
tors. We are concerned in Section 3 with the invariance and comparison
study for this class of abstract equations. This enables us to show in
Section 4 our main results on monotonicity and stability.
2. PRELIMINARIES
In this section, we recall some results on the well posedness and the
stability for the abstract equation,
u t  Bu t  F u , t
 0,Ž . Ž . Ž .t
2.1Ž .
u   C ,0
  Ž .where C is the space of continuous functions from r, 0 r 0 to a
Banach space X, endowed with the uniform norm topology.
B is a linear nondensely defined operator satisfying the following
HilleYosida condition
Ž . Ž . Ž .HY there exist M
 0 and  such that ,
   B and
Mn
R , B 	 for all n and   .Ž . n
 Ž .
The function F: C X is assumed to be continuous.
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Ž .In this case, Eq. 2.1 can be solved by looking for integral solutions
defined as follows
 .DEFINITION 2.1. A continuous function u: r,
  X is an integral
Ž .solution of Eq. 2.1 , if
Ž . t Ž . Ž .i H u s dsD B , for t
 0,0
Ž . Ž . Ž . t Ž . tii u t   0  BH u s ds H Fu ds, for t
 0,0 0 s
Ž .iii u  .0
Ž .The following result gives the well posedness of Eq. 2.1 in the phase
space,
X   C ,  0 D B . 4Ž . Ž .0
 THEOREM 2.2 1 . Suppose that F is locally lipschitz continuous in the
Ž .sense that for each  0 there exists a constant K   0 such that if
    ,   C and  ,  	  then,1 2 1 2
 F   F  	 K     .Ž . Ž . Ž .1 2 1 2
 Then, for all  X , there exists a maximal interal of existence r, T ,0 
Ž . Ž .  T  0, and a unique integral solution u .,  of Eq. 2.1 defined on r, T 
and either
T 
 or lim sup u t ,  
.Ž .
tT
Ž .Moreoer, u t,  is a continuous function of , in the sense that if  X0
 and t 0, T , then there exist positie constants K and  such that, for
     Ž . Ž .  X and     , we hae t 0, T and u s,   u s,  	0 
   K   , for all s r, t .
Suppose that F is globally lipschitz continuous on C, then it follows
Ž .from Theorem 2.2 that for all  X , Eq. 2.1 has a unique integral0
Ž .solution u .,  which is defined for all t
 0.
Ž .Now, define the following operator V t on X by0
V t   u .,  for t
 0.Ž . Ž . Ž .t
Then one has
  Ž Ž ..PROPOSITION 2.3 1 . The family V t is a strongly continuoust
 0
semigroup on X , that is0
Ž . Ž .i V 0  I,
Ž . Ž . Ž . Ž .ii V t s  V t V s , for all t, s
 0,
Ž . Ž .iii for all  X , V t  is a continuous function of t
 0 with0
alues in X .0
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Ž . Ž .iv for all t
 0, V t is continuous from X into X .0 0
Moreoer,
Ž . Ž Ž ..  v V t satisfies, for t
 0 and  r, 0 the translation prop-t
 0
erty,
V t   0 , if t 
 0,Ž . Ž .Ž .
V t   Ž . Ž .Ž . ½  t  , if t 	 0.Ž .
Ž .vi There exist  0 and M
 0 such that
 t  V t   V t  	Me    for all  ,   X , t
 0.Ž . Ž . Ž . Ž .1 2 1 2 1 2 0
Let us introduce the part B of B in D B defined byŽ .0
B x Bx for xD B  xD B , BxD B . 4Ž . Ž . Ž .0 0
 It is well known from 20 that B generates a strongly continuous0
Ž Ž .. Ž .semigroup T t on D B and if u .,  is an integral solution of Eq.Ž .0 t
 0
Ž . Ž .2.1 . Then, for all t
 0, u t,  is given by
t
u t ,   T t  0  lim T t s R , B F u .,  ds.Ž . Ž . Ž . Ž . Ž . Ž .Ž .H0 0 s

 0
2.2Ž .
Now, assume that F is globally lipschitz continuous, continuously differen-
Ž . Ž .tiable, and F 0  0. Then, the linearized equation of Eq. 2.1 at zero
takes the form,
u t  Bu t  Lu , t
 0,Ž . Ž . t 2.3Ž .
u   ,0
Ž .where L: C X is a bounded linear operator given by L F 0 .
Ž Ž ..Let U t be the linear strongly continuous semigroup on X corre-t
 0 0
Ž .sponding to Eq. 2.3 .
 PROPOSITION 2.4 7 . The operator A gien byU
 D A   C :   C ,  0 D B ,  0 D B andŽ . Ž . Ž . Ž . Ž .U
 0  B 0  L 4Ž . Ž .
A  U
Ž Ž ..is the infinitesimal generator of U t .t
 0
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  Ž Ž .. Ž .PROPOSITION 2.5 2 . If T t is compact on D B , then U t isŽ .0 t
 0
compact for t r.
The following linearized stability principle shows how the stability study
Ž . Ž .for Eq. 2.1 can be deduced from that of Eq. 2.3 .
  Ž Ž ..THEOREM 2.6 1 . If the zero equilibrium of U t is uniformlyt
 0
exponentially stable, then zero is a locally exponentially stable equilibrium of
Ž Ž ..V t , that means there exist positie constants c,  ,  such thatt
 0 1 2
 t2    u .,  	  e  for all  X ,   c,Ž .t 1 0
Ž . Ž .here, u .,  is the unique integral solution of Eq. 2.1 .t
 DEFINITION 2.7 17 . An operator L from an ordered Banach space X
into an ordered Banach space Y is called positive if L x
 0 for all x
 0.
Ž Ž .. Ž .A semigroup T t is called positive if T t is positive for all t
 0.t
 0
In what follows, we suppose that X is a Banach lattice and we make the
following assumptions
Ž .H B is a resolvent positive operator on X,1
Ž .H L is a positive linear operator.2
  Ž . Ž .PROPOSITION 2.8 7 . Assume that H  H hold. Then, the semigroup1 2
Ž Ž ..U t is positie on X .t
 0 0
Ž .Let s A be the spectral bounds of the linear operator A defined asU U
s A  sup ,   A . 4Ž . Ž .U U
Ž .For , define the linear operator L  L D B ; X byŽ .
.L x L e x , xD B . 2.4Ž . Ž . Ž .
Ž . Ž .Hypothesis HY along with the fact that L  L D B ; X imply thatŽ .
Ž . Ž .B L inherited the HilleYosida condition HY .
Ž . Ž .Denote by s  the spectral bounds of the linear operator B L .
  Ž . Ž .THEOREM 2.9 7 . Assume that H  H are satisfied. Then,1 2
s A  0 if and only if s 0  0.Ž . Ž .U
Combining Proposition 2.5 and Theorem 2.9 we get
Ž . Ž .COROLLARY 2.10. Suppose that H  H hold and assume that1 2
Ž Ž .. Ž Ž ..T t is compact on D B . Then, the solution semigroup U t isŽ .0 t
 0 t
 0
Ž .uniformly exponentially stable if and only if s 0  0.
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3. ABSTRACT RESULTS
In this section, we establish some invariance and comparison results for
Ž .the abstract retarded functional differential equation 2.1 . Arguments
 used in the proofs are similar to those in 20 which are in adaptation of
  Ž .techniques in 15 since the insertion of the operator R , B and the
Ž .limit for  
 in the integral solution formula 2.2 do not present a
great difficulty.
 . Ž .For a given closed subset D of r,
  D B , suppose that D t Ž .
 Ž . 4x D B , t, x D is nonempty for each t
r.Ž .
Ž .3.1. Inariance of D t
To establish a necessary and sufficient condition for the invariance of
Ž .D t , we assume that
Ž . Ž .   Ž . Ž . 4H D t,   0,
X ,   D t  for r	 	 03 0
 . Ž .  Ž . 4is a closed subset of 0,
  X and D t   X , t,  D is0 0
nonempty for each t
 0.
Ž . Ž .H For each b 0 there is K b  0 and a continuous nonde-4
 .  .creasing function  : 0, b  0,
 satisfyingb
Ž . Ž .i  0  0,b
Ž . Ž . Ž .ii if 0	 t  t  b, x D t , and x D t , then there ex-1 2 1 1 2 2
  Ž . Ž .ists a continuous function  : t , t  D B such that  t  x ,  tŽ .1 2 1 1 2
Ž . Ž . x ,  t D t for t  t t and2 1 2
 x  x2 1
    t   s 	  t s  K b t sŽ . Ž . Ž . Ž .b  t  t2 1
 for all s, t t , t .1 2
Ž . Ž . Ž .H F: Dom F  C X is continuous with  D t 5 t
 0
Ž .Dom F .
Ž Ž ..    Ž .4Set dist x, D t  inf x y ; yD t for x X, t
 0. Then,
Ž . Ž .THEOREM 3.1. In addition to H  H , assume that F is locally lips-3 5
chitz continuous. Then, the following assertions are equialent
Ž . Ž . Ž .i For each  X such that   D  for all r	 	 0, Eq.0
Ž .2.1 has a unique integral solution u defined on a maximal interal of
 . Ž . Ž .existence r, T such that u t D t for all 0	 t T . 
Ž . Ž . Ž Ž . Ž . th Žii lim 1h dist T h  0  lim H T t  h h 0 0 
 t 0
. Ž . Ž .. Ž .s R , B F ds; D t h  0 for all t,  D.
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Ž Ž ..Here, T t is the semigroup generated by the part B of B in D B .Ž .0 t
 0 0
Ž . Ž .Proof. Let t,  D. It follows from 2.2 that if u is the integral
Ž .solution of Eq. 2.1 with initial condition  at time t, then,
th
u t h  T h  0  lim T t h s R , B F u ds,Ž . Ž . Ž . Ž . Ž . Ž .H0 0 s

 t
0	 t h T .
Ž . Ž . Ž .If i is verified, then u t h D t h . Thus,
1
dist T h  0Ž . Ž .0žh
th
 lim T t h s R , B F ds ; D t hŽ . Ž . Ž .H 0 /
 t
1
	 T h  0Ž . Ž .0h
th
 lim T t h s R , B F ds u t hŽ . Ž . Ž .H 0

 t
1 th
 lim T t h s R , B F Fu ds .Ž . Ž . Ž .H 0 sh 
 t
Without loss of generality, one can suppose that the resolvent of B
Ž  .satisfies the following estimate see for instance 18 ,
1
R , B 	 for all   , 3.1Ž . Ž .
 Ž .
we can certainly assume that
 tT t 	 e , t
 0. 3.2Ž . Ž .0
Indeed,
R , B  R , B for   . 3.3Ž . Ž . Ž .Ž .0 D B
Combining these inequalities, we get
1
dist T h  0Ž . Ž .0žh
th
 lim T t h s R , B F ds, D t hŽ . Ž . Ž .H 0 /
 t
1 th
Ž ths.  	 e F Fu ds 0 as h 0 .H sh t
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Ž .Now, if the subtangential condition given by ii holds, the local existence
of a unique integral solution follows from Theorem 2.2. The invariance of
Ž .D t is shown by constructing approximate solutions and by showing that
Ž .these solutions converge to the integral solution of Eq. 2.1 . These
 constructions go back as far as in 15 .
3.2. Comparison
In what follows, we suppose that X is a Banach lattice and we denote by
X the positive cone of X.
Noting that for x, y, z X with y	 z, one has the useful properties,
i dist x ; y ,
  dist x y ; X ,Ž . Ž ..Ž . 
ii dist x ; 
, z  dist z x ; X ,Ž . Ž . 3.4ŽŽ . Ž .
   iii dist x ; y , z 	 dist x ; 
, z  dist x ; y ,
 .Ž . Ž . Ž .Ž . Ž .
	   . Ž . Ž .Let  : r, T  D B be continuous functions such that  t 	 tŽ .
 . Ž .for all t r, T . Under H and the following assumptions, we will1
Ž . Ž .show there is a unique integral solution lying between  t and  t :
 Ž .  Ž . Ž . Ž .  Ž . 4H  t ,  t  E t  x D B , t, x  E for all r	 tŽ .6
 . T with E being a subset of r,
  D B .Ž .
Define
E t ,   0,
  X ,    E t  for r	 	 0 , 4Ž . Ž . Ž .0
Ž .and assume that F is a continuous function from  E t into X witht
 0
Ž .  Ž . 4E t   X , t,   E .0
	 Ž .Also, suppose that F are continuous functions from  E t andt
 0
that 	 satisfy the following inequalities
H i  t h 
 T h  tŽ . Ž . Ž . Ž . Ž .7 0
th
 lim T t h s R , BŽ . Ž .H 0

 t
F  ds,Ž .s
ii  t h 	 T h  tŽ . Ž . Ž . Ž .0
th
 lim T t h s R , BŽ . Ž .H 0

 t
F  ds.Ž .s
Ž . Ž .H F is locally lipschitz continuous on  E t .8 t
 0
Ž . Ž . Ž .THEOREM 3.2. In addition to H , suppose that H  H are erified1 6 8
Ž . Ž . Ž .and assume that for 0	 t T and t,   E with  t  	   	
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Ž . t  for r	 	 0, one has
1
H i lim dist  t   0Ž . Ž . Ž . Ž .Ž9  hh0
 h F   F ; X  0,Ž . .t 
1
ii lim dist  0  tŽ . Ž . Ž .Ž
 hh0
 h F F  ; X  0.Ž . .t 
Ž . Ž . Ž . Ž .If   	   	  for r	 	 0, then Eq. 2.1 has an integral
    Ž solution u on 0, T for some T  0, T such that
    t 	 u t 	 t for all t 0, T .Ž . Ž . Ž . .
Ž . Ž . Ž .Proof. Fix  C such that   	   	  for r	 	 0
Ž .  Ž . Ž .  and set D t   t ,  t for t r, T . Then,  X , which is clear0
Ž .from H .6
Ž .To apply Theorem 3.1, we first have to verify that H holds. Define for4
 Ž . Ž .0	 t  t 	 T and x   t ,  t for j 1, 2, the function,1 2 j j j
t  t x  t t xŽ . Ž .2 1 1 2
L t  , t 	 t	 t ,Ž . 1 2t  t2 1
it is easy to verify that the function  defined by
 t  sup inf L t ,  t ;  t for t 	 t	 t 4Ž . Ž . Ž . Ž .Ž . 1 2
Ž .satisfies H .4
Ž .  Ž . Ž .Let  X such that     t  ,  t  for r	 	 00
and denote
1 th
 dist T h  0  lim T t h s R , B F ds ;Ž . Ž . Ž . Ž .H0 0žh 
 t
  t h ,  t h .Ž . Ž . /
It remains to show that  0 as h 0.
Ž .Ž .It follows from 3.4 iii that
	   ,
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where
1 th
 dist T h  0  lim T t h s R , B F ds ;Ž . Ž . Ž . Ž .H0 0žh 
 t

,  t h ,Ž .Ž /
1 th
 dist T h  0  lim T t h s R , B F ds ;Ž . Ž . Ž . Ž .H0 0žh 
 t
 t h ,
 .Ž . . /
Thus, it suffices to show that  ,  0 as h 0.
Ž .Ž . Ž .Ž .Using 3.4 ii and inequality H i , we obtain that7
1
 dist  t h  T h  0Ž . Ž . Ž .0žh
th
 lim T t h s R , B F ds ; XŽ . Ž .H 0  /
 t
  T h  t  T h  0Ž . Ž . Ž . Ž .0 0
1 th  lim T t h sŽ .	 dist ; XH 0 

h t
 0  R , B F   F dsŽ . Ž .s
  T h R , B  t   0Ž . Ž . Ž . Ž .Ž .0
1 th  T t h sŽ . dist lim ; X .H 0 h 
 t
 0  R , B F   F dsŽ . Ž .s
Ž .The last equality being a consequence of the choice of  in X and  t0
in D B . Since,Ž .
th  T t h s R , B F   F dsŽ . Ž . Ž .H 0 s
t
 hT h R , B F   F  o h ,Ž . Ž . Ž .Ž .Ž .0 t
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we get
1
	 dist lim T h R , BŽ . Ž .0½ žh 

    t   0  h F   F ; X  o h .Ž . Ž . Ž .Ž .Ž .t  5/
Ž . Ž . Ž Ž ..On the other hand, H along with 3.3 imply that T t is a positive1 0 t
 0
semigroup on X . Thus, for all t
 0, y X , one has0 
T t R , B y
 0 for a large .Ž . Ž .0
Hence,
  dist lim T h R , B  t   0  h F   F ; XŽ . Ž . Ž . Ž . Ž .Ž .0 t ž /


  	 lim T h R , B  t   0  h F   FŽ . Ž . Ž . Ž . Ž .Ž .0 t


 lim T h R , B y .Ž . Ž .0


Ž . Ž .By using estimations 3.1  3.2 we get
  dist lim T h R , B  t   0  h F   F ; XŽ . Ž . Ž . Ž . Ž .Ž .0 t ž /


h   	 e  t   0  h F   F  y .Ž . Ž . Ž .Ž .t
Therefore,
1
h   	 e dist  t   0  h F   F ; X  o h .Ž . Ž . Ž . 4Ž .Ž .Ž .t h
Ž .Ž . It follows from the last inequality and H i that  0 as h 0 .9
Similar arguments are used to show that  0.
An immediate consequence of the last theorem is that if F satisfies the
following quasi-monotonicity property,
1
 lim dist  0   0  h F F ; X  0 3.5Ž . Ž . Ž .Ž . hh0
Ž . Ž . Ž .  for all t,  , t,   E with 	  . Then, H is satisfied with F  F9
 F and we have
Ž . Ž . Ž . Ž .COROLLARY 3.3. Suppose that F satisfies 3.5 . If H , H  H are1 6 8
erified with F F F. Then, for each  E with  	 	 , Eq.0 0
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Ž . Ž .  . 2.1 has a unique integral solution u .,  on r, T such that if  	 	 0
	 then0
 t 	 u t ,  	 u t ,  	 tŽ . Ž . Ž . Ž .
  4.for all t 0, min T , T . 
4. MONOTONICITY AND STABILITY
Ž .Let us return now to the reaction diffusion system 1.1 subject to
Dirichlet boundary conditions,
ui
i 1 mx , t  d u x , t  f x , u x , . , . . . , u x , . ,Ž . Ž . Ž . Ž .Ž .i i t t t
x , t 0, 4.1Ž .
ui x , t  0, x  , t 0,Ž .
i  u x ,    x ,  , x ,  r , 0 .Ž . Ž .i
Ž .mThe aim of this section is to investigate the case where f f satisfiesi 1
the following quasi-monotonicity property.
Ž . Ž  m. Ž .QM whenever 	, C r, 0 ; satisfy 		 and 	 0 i
Ž . Ž . Ž . 0 for some i, then f x,	 	 f x, for all x.i i i
Ž .First, we proceed to show that under this property, system 4.1 generates a
m Ž   . Ž .monotone semiflow on C   C  r, 0 ; :  x, 0  0 for all0
4x  .
4.1. Monotonicity of the Semiflow
Throughout this subsection, we assume that f is locally lipschitz contin-
uous, that is, for each R 0 there exists L  0 such thatR
 f x ,	  f x , 	 L 	 ,Ž . Ž . R
mŽ  .    whenever 	, C r, 0 ; with 	 ,  	 R and x.
Ž .It follows from Theorem 2.2 that for all  C , the system 4.1 has a0
Ž .unique integral solution u .,  defined on a maximal interval of existence
 r, T .
 .Define the semiflow V : S 0,
  C  C by0 0
V t  u .,  ,Ž . Ž .t
Ž . Ž .  . 4for t,   S t,   0,
  C , 0	 t	 T .0 
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By applying Proposition 2.3, we have
Ž .i V is continuous on S ,
Ž . Ž .ii V 0  , for all  C ,0
Ž . Ž . Ž . Ž .iii V t V s  V t s , for all  C , t, s
 0 such that0
both sides are defined.
Ž .THEOREM 4.1. Assume that f satisfies QM . Then, the semiflow V is
Ž .monotone, that means, if  ,   C such that  	  , then V t  	1 2 0 1 2 1
Ž .   4.V t  for all t 0, min T , T .2  1 2
The proof of Theorem 4.1 will be a direct application of the proposition
	 	 mŽ .  .below. Let    be continuous functions defined from  r, Ti 1
into a closed convex subset  of m such that
    x , t 	 x , t and  x , t ,  x , t  Ž . Ž . Ž . Ž .
for x , t  r , T . 4.2Ž . Ž ..
 Ž . Ž .   4Set C   C ,   , x  , for all  , x  r, 0  and define 0
Ž .Ž . Ž Ž ..F: C  X by F  x  f x,  x, . .
Ž . Ž iŽ ..Letting A defined by 1.8 and denoting by T t the stronglyi 0 t
 0
Ž .continuous semigroup generated by the part of A in C ; , we makei 0
the following assumptions,
 x , t 
 T i s  x , sŽ . Ž . Ž .i 0 i
t i  lim T t  R , A F  d ,Ž . Ž . Ž .H 0 i i 

 s
0	 s t T , x
4.3Ž .
 x , t  0, 0 t T , x Ž .i
 x ,    x ,  
  x ,  ,  r	 	 0, x ,Ž . Ž . Ž .i i i
and
 x , t 	 T i s  x , sŽ . Ž . Ž .i 0 i
t i  lim T t  R , A F  d ,Ž . Ž . Ž .H 0 i i 

 s
0	 s t T , x
4.4Ž .
 x , t  0, 0 t T , x Ž .i
 x ,    x ,  	  x ,  ,  r	 	 0, x .Ž . Ž . Ž .i i i
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These hypotheses allowed the following proposition
Ž . Ž .PROPOSITION 4.2. Suppose that f satisfies QM . Then 4.1 has a unique
   integral solution u on r, T , T  T such that
   x , t 	 u x , t 	 x , t for x , t  0, T . 4.5Ž . Ž . Ž . Ž . Ž ..
Proof. The main basic idea of the proof is to apply Theorem 3.2 with
mŽ .X C ; and
m
X  u  X , u x 
 0 for i 1, . . . , m and for almost all x .Ž . Ž . 4 i i1
4.6Ž .
Ž .Claim 1. The operator A given by 1.10 is a resolvent positive operator
in X. To this end, let us consider the Dirichlet laplacian operator defined
2Ž .on L  ,
D   uH 1  ; u L2  ,Ž . Ž . Ž . 42 0
 u u. 4.7Ž .2
 It follows from 4, 5 that for all  0, one has
R ,  u
 0 for all 0	 u L2 Ž . Ž .2
and
R ,  u R ,  u for all u C  , .Ž . Ž . Ž .2
 4Thus, for all i 1, . . . , m , one obtains
R , A u 
 0 for all 0	 u  C  , .Ž . Ž .i i i
Hence,
mR , A u
 0 for all 0	 u C  , . 4.8Ž . Ž . Ž .
m .  Ž . Ž . 4Claim 2. Set E r, T  g C , , g x   for all x0
Ž . Ž . Ž . Ž .   	and denote g t  ., t , g t  ., t . if F  F  F, then g
Ž . Ž .verify H  H . Indeed, it is clear that for all r	 t T ,6 7
  mg t , g t  E t  u C  , , t , u  E .Ž . Ž . Ž . Ž . Ž . 40
Ž . Ž . Ž .On the other hand, assumptions 4.3  4.4 imply that H holds.7
  Ž . Ž .Claim 3. Let F  F  F, then assumptions H  H are verified:8 9
Ž . Ž .Since f is locally lipschitz continuous, H holds. To justify H , it8 9
suffices to see that by using the quasi-monotonicity of f , along with
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Ž . Ž .4.3  4.4 , we get
1
lim dist  x , t 	 0Ž . Ž .Ž
 hh0
m h f x ,  x , .  f x ,	 ; 0,
  0,Ž . Ž . .Ž . .t
4.9Ž .
1
lim dist 	 0  x , tŽ . Ž .Ž
 hh0
m h f x ,	  f x ,  x , . ; 0,
  0Ž . Ž . .Ž . .t
Ž  m.for all 0	 t T and 	 C r, 0 ; .
Therefore,
1
 lim dist g t   0  h F g  F ; X  0,Ž . Ž . Ž .Ž .t  hh0 4.10Ž .1
 lim dist  0  g t  h F F g ; X  0Ž . Ž . Ž .Ž .t  hh0
Ž . Ž .for all 0	 t T and  C , such that    E t  .0
We conclude from Theorem 3.2 the existence of a unique integral
Ž . Ž .solution u .,  satisfying 4.5 .
4.2. Stability
Having established the monotonicity of the semiflow under the quasi-
monotonicity condition on f , we are now interested in the stability study of
steady-state solutions. To obtain a stability criterion independently of
the delay r, we make additional assumptions on f and we try to apply re-
sults presented in Section 2. Note that this still works if we consider system
Ž . Ž .m4.1 with r r . It suffices to change the state space C by C i 1 r
m Ž  Ž ..Ł C r , 0 ; C , and to adapt the following notations for ii1 i
 41, . . . , m ,
ui x ,   ui x , t  and ui x ,    x , Ž . Ž . Ž . Ž .t i
 for all  r , 0 , x ,i
Ž   ..with  belonging to C  r , 0 ; .i i
m mŽ  .Suppose that f : Ł C r , 0 ;  verifies the followingi1 i
assumption,
Ž . Ž .H i f is globally lipschitz continuous.10
Ž . Ž .ii f x, 0  0 for all x.
Ž . Ž .iii f has a deriviative f x,	 with respect to its second
mŽ . Ž  .argument which is continuous in x,	 Ł C r , 0 ; .i1 i
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Ž .The linearized equation around zero corresponding to system 4.1 is
given by
  i
i 1 m d  x , t  f x , 0  x , . . . ,  x ,Ž . Ž . Ž . Ž .Ž .i i t t t
x , t 0, 4.11Ž .
 i x , t  0, x  , t 0,Ž .
i   x ,    x ,  , x ,  r , 0 ,Ž . Ž .i i
iŽ .Ž . iŽ .  with  x   x, t  , for all x,  r , 0 .t i
Ž . Ž .Let A be defined by 1.10 . Then, the linearized equation 4.11 can be
reformulated as
u t  Au t  f  x , 0 u ,Ž . Ž . Ž . t 4.12Ž .
u   .0
Ž Ž ..Let U t be the solution semigroup on C corresponding to thet
 0 0
Ž .abstract equation 4.12 with generator A .U
mŽ . Ž .Since the part A of A in C ; given by 1.13 generates a0 0
mŽ . Ž .compact semigroup in C ; , it follows from Proposition 2.5 that U t0
Ž .is compact for tmax r . Hence, its growth bound  U given by1	 i	m i 0
 t U  inf  : sup e U t  
Ž . Ž .0 ½ 5
t
0
Ž .coincides with the spectral bound s A and we getU
Ž . Ž Ž ..PROPOSITION 4.3. Assume that f satisfies H . Then, U t is uni-10 t
 0
Ž .formly exponentially stable if and only if s A  0.U
Ž .In addition to H , we make the following assumption on f ,10
Ž . m Ž  .H for each x, Ł C r , 0 ; , the Frechet deriva-´11 i1 i
Ž .tive f x, has a representation in terms of LebesgueStieltjes measures
as
m
0f x , 	 	  d   , x , .Ž . Ž . Ž .Ý H j  i j
rjj1
Ž . m Ž  .where  ., x, :  satisfies for each x, Ł C r , 0 ; ,i j i1 i
Ž . Ž . Ž .i  s, x,   0, x, , s
 0,i j i j
Ž . Ž .ii   , x,  0, 	r ,i j j
Ž . Ž .  iii  ., x, is of bounded variation on r , 0 and is continuousi j j
Ž .from the left on r , 0 .j
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Ž .   Ž .As f verifies QM , it follows from 19, 16 that  ., x, , i j isi j
  Ž .  .nondecreasing on r , 0 and  ., x, is nondecreasing on r , 0 .j i i i
Ž . Ž Ž ..Moreover, if we let N x  n x withi j 1	 i, j	m
n x   0, x , 0   0 , x , 0 ,Ž . Ž . Ž .i j i j i j 
then, one has
f  x , 0 	N x 	 0  h x 	 , 4.13Ž . Ž . Ž . Ž . Ž .
Ž . m Ž  . mwhere h x : Ł C r , 0 ;  is the positive operator given byi1 i
m m
0
h x 	 	  d   , x , 0  n x 	 0 .Ž . Ž . Ž . Ž . Ž .Ý ÝHi j  i j i j j
rjj1 j1
Hence, the operator L: C  X defined byr
L	 h x 	 x 4.14Ž . Ž . Ž .
is positive.
Ž .Therefore, Eq. 4.12 can be represented as
u t  Bu t  Lu ,Ž . Ž . t 4.15Ž .
u   ,0
with
B AN. 4.16Ž .
Ž .Ž . Ž . Ž .The operator N: X X is defined by Nu x N x u x .
Ž Ž ..To discuss the positivity of the solution semigroup U t , we make int
 0
Ž . Ž . Ž .addition to assumptions i  iii in H the following one,11
 0, x , 0   r , x , 0 	 1. 4.17Ž . Ž .Ž .i j i j j
Ž . Ž . Ž . Ž .THEOREM 4.4. Assume that f erifies QM , H  H . If 4.17 holds,10 11
Ž Ž ..then the solution semigroup U t is positie on C .t
 0 0
Ž .Proof. As a first step, we need to justify that B given by 4.16 satisfies
Ž . Ž .assumptions HY  H .1
Ž . Ž .Combining 1.12 , 4.17 , and the fact that
 B  INR , A  A for  0,Ž . Ž . Ž .Ž .
we deduce that
1,
   B ,Ž . Ž .
1
R , B 	 for all  1,Ž .
 1
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and the spectral radius,
spr NR , A  1 for  1.Ž .Ž .
On the other hand, we deduce from the proof of Proposition 4.2 that A is
mŽ .a resolvent positive operator on C , .
Ž   .Hence, B is a resolvent positive operator. See 3, 21 . Since the
operator L is positive, the insertion follows from Theorem 2.8.
Ž .Our next objective is to obtain a stability result for system 4.1 . For
Ž .that, we proceed to obtain a sufficient condition ensuring that s A  0.U
Ž .Since U t is compact for tmax r , it follows that the immediate1	 i	m i
condition is if all eigenvalues of the following characteristic equation have
negative real part. Then,
m
i j id   m , x  x   x , x ,Ž . Ž . Ž .Ýi i j
4.18j1 Ž .
i x  0, x  ,Ž .
where
0
m , x  e d   , x , 0 .Ž . Ž .Hi j  i j
rj
Ž .Clearly, it is not easy to solve 4.18 . Fortunately, the above assumptions
on f allow us to restrict our study to the eigenvalue problem without
delays,
d  i  f  x , 0  1 x ,  2 x , . . . ,  m x   i x ,Ž . Ž . Ž . Ž . Ž .Ž .i i
4.19x , Ž .
i x  0, x  .Ž .
More precisely, we are in position to show the following result
PROPOSITION 4.5. Suppose that assumptions of Theorem 4.4 hold. If
Ž Ž ..s D f ., 0  0, then zero is a locally exponentially stable equilibrium of
Ž . Ž .msystem 4.1 for all delays r .i 1
Ž .Proof. Let the operator B be defined as in 4.16 and define for 
Ž .the operator L  L D B ; X byŽ .
L u x  h x e.u x .Ž . Ž . Ž . Ž .Ž .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Then, we get
B L u x Du x N x u x  h x u xŽ . Ž . Ž . Ž . Ž . Ž . Ž .0
Du x  f  x , 0 u x .Ž . Ž . Ž .
Ž . Ž . Ž .As the operator L given by 4.14 is positive and B verifies HY  H , we1
Ž .obtain by combining the last equality and Theorem 2.9 that s A  0 ifU
Ž Ž ..and only if s D f ., 0  0.
To conclude the proof, it suffices to apply Proposition 4.3 and Theorem
2.6.
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